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T R A N S I E N T  R E S P O N S E  OF A T H E R M A L - D I F F U S I O N  

C O L U M N  W I T H  B U F F E R  V E S S E L S  A T T H E  E N D S  

G.  D .  R a b i n o v i c h ,  V.  M. D o r o g u s h ,  
a n d  A .  V.  S u v o r o v  

L~DC 621.039.3 

The t rans ient  response  in a column with buffer vesse ls  at the ends has been determined fox- the 
approximation c(1 -- c) = a + bc, and this is compared with the asymptotic  solution for smal l  
t imes ;  the range of application of the latter has been determined.  

Asymptotic  solutions have been derived [1,2] for the t ransient  response  in a thermal-di f fus ion column 
with buffer vesse ls  at the ends for two ways of approximating the nonlinear t e r m  in the t ranspor t  equation, 
namely, c(1 -- c) ~ a and c(1 -- c) ~ c; it was found that these asymptot ic  solutions can themselves be approx-  
imated very  closely by linear relat ionships of the form 

Ac _ p -  r K ~ ,  (1) 
1: 

in which p and r a re  coefficients to be determined f rom experiment and which allow one to  calculate the Sorer 
coefficient.  However, uncertainty a r i ses  as to the t ime range in which each of the asymptot ic  solutions applies 
when this method is used. 

The problem has been solved by deriving an exact solution, which is then compared with the asymptotic 
one. The problem is formulated [3] as follows: we have the differential  equation 

Oc 

O0 

to  be solved subject to the boundary conditions 

0~c O[c(1 --c)] 

clo=o = co (y > 0), (3) 

Oc f ~c 3 
= 1 - -  - - c ( 1 - - c ) |  (0 > 0), yeO) i (4) 

y=o [ Oy Jr=0 
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ac = [ c O _ c ) _  a_~] (0 > 0). (5) 
yeO}e - ~  Y=Ye Y=Ye 

Since (4) and (5) con ta in  a nonl inear  t e r m ,  an  exac t  so lu t ion  cannot  be obtained,  but t h e r e  is a method based  
on the  fol lowing a p p r o x i m a t i o n  f i r s t  used  in [4]: 

c ( 1 - - c )  = a ~z bc, (6) 

which for  c o n c e n t r a t i o n  d i f f e r ences  AC -- C k - -  C 0 --< 0.03 g ives  an  e r r o r  l e s s  than  1% i n t h e  r ange  0.01 < 
c o < 0.99, with 

a = cock; b --- 1 - -  c o - -  c h. (6a) 

The  c o n c e n t r a t i o n  shif ts  in  fact  lie wi th in  the  above l imi ts  in m e a s u r e m e n t s  on the  Sore t  coeff ic ient ,  so  the  
subs t i tu t ion  of (6) can  be  made  in  (4) and (5). 

The  p r o b l e m  was  solved in  [5] in this  f o rmu la t i on  but the  r e s u l t s  conta ined e r r o r s .  

We in t roduce  the  new va r i ab l e s  

t o  put (2)-(5) with (6) in the  f o r m  

u = c - -  Co; y* ----- by; O* = b~O, 

Oy O~u Oy = _  

00" Oy *~ Oy* ' 

( ) coo--Co)  *co au = Ou - - u  
Y; ~ - ~ -  y*=o ay* y.=o b 

au , ( au ) c,(1--Co) 
y.o~e I t = ;  = u + �9 ay* y*=y'~ b 

u!o.=o = O. 

(7) 

(s) 

(9) 

(10) 

(11) 

Laplace  --  C a r s o n  in t eg ra l  t r a n s f o r m a t i o n s  a r e  used with (9)-(11) t o  get  the  so lu t ion  to  (8) in the  fol lowing 
f o r m :  

y~ Y e 

- -  ;L ch ;L (y* - -  y*) + ( ~  - -  y~*~e0) sh;L(y,-- y*)} • 

iye* (%_ ~,)+ ~,~o,%~] su~y,} -I, (12) 

w h e r e  

1/ ' 
;L = P + T '  (13) 

and p is an  o p e r a t o r .  

Cons ide r  the  c a s e  whe re  one of the  v e s s e l s  at the  end of the  co lumn  is v e r y  l a rge ,  i . e . ,  we put co i 
~o or  co e ~ 0o in  (12); t hen  for  the  pos i t ive  end (y* =y$)  we ge t  ins tead  of (12) 

- Co (1 - -  Co) sh ~y* 
' 

ue = b ~ch XV*+ Y*%p- -  - sh ~Y* (14) 

and for  the  negat ive  end {y* = 0) 

We in t roduce  the  sym bo l s  

U i - -  

c o ( 1 - -  co) sh ;Lye* 

;LchXy* + ( y * o i P + 2  ) shXy* 

(15) 

1 + l _ = k ,  x =  k - -  0", 
Y*Oe 2 
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bue 2 k -  I 
v~= co(l--Co) " 2 ~  

and t r a n s f e r  f r o m  the t r a n s f o r m  in  (15) to  the  or ig ina l  v ia  the  expans ion  t h e o r e m  to  get  

�9 r2shr~expx [r20)2 1 ] 
2 k - - 1  { [ 1 ] } 20)~(2k--1)~ ~ . . . .  ( 2 k _ l ) ~  

v~ 2x . exp ' 0)~(2k--1) - - 1  + x n [ ( 2 k - - 1 ) ~ o ) ~ - - l ] C ~  

whe re  

20 ) 2k sh r,.  
~ ( 2 k - -  1) 3 

(17) 

(Is) 

(19) 

and the roots rn are defined by 
(2k--  1)2 0)J,~ 

i h r ~ =  2 k - - ( 2 k - -  20)2r2 (20) l )  ~ n  

We see  f r o m  (20) tha t  t h e r e  a r e  only i m a g i n a r y  roo t s  f o r  k< 0, w h e r e a s  the pu re ly  i m a g i n a r y  roo t s  a r e  a c c o m -  
panied by one r e a l  roo t  if C0e(2k - -  1)2/2k < 1; the  s u m m a t i o n  in (18) mus t  be t aken  over  al l  r o o t s .  

We now find the  a sympto t i c  solut ions  for  s m a l l  t i m e s  f r o m  (14) and (15). 

If  the  t i m e s  a r e  s m a l l  (p is la rge)  and if Ye is not too  sma l l ,  we can  [1] put 

Then  a f te r  c e r t a i n  s teps  we get  

C o ( 1 - -  Co) 
= b(1 + y * ~ )  

ch s ~.. sh s (21) 

(1/ ' ' ) 1 1 1- 1 _ _ _ + 1 '  
P +  4 2 P +  - ~ +  Y*0)e 

- -  c o (1 - -  co) . 1 -P T V*wi 2 J u~ -- b (1 - -  V*0)i) 1 1 - -  1-- 1 1 " 
+ T + - 2  - + ~ . 

We r e v e r t  t o  the  or ig ina ls  in (22) and (23) and use  (16) and (17) to get  

1 + 2 k ( + 2 k - - 1 )  + 2 k - - 1  [ I 
-4--2k+1 ( • 2k + l )2 x +_ 2k + l +_. 2k - -1  

4k ~ + I ] 
2x(T2~:~ i) J x 

(22)  

(23) 

Xer f  ___2k--1 + •  .exp--  .(__+2k_1) 3 + 

_+ + 2 k ( + 2 k - - 1 )  exp ( + 2 k +  l ) ( -+-2k ) - - -  x erfc - - I  U x  (24) 
(-4- 2k + 1) 2 +__ 2k - -  1 + 2k - -  1 ' 

w h e r e  the  plus s ign  r e l a t e s  to  the  pos i t ive  end of the co lumn  and the  minus sign,  to  the  negat ive  one, with 

bu + 2 k -  1 
v ---- - -  (25)  

co (1 --cO) 2x 

and va r i ab l e  u mus t  be g iven  the s u b s c r i p t  e or  i as  a p p r o p r i a t e .  

I f  we put x = 0 in (24), we get  v = 1, while for  the  case  b =0,  which c o r r e s p o n d s  in a c c o r d a n c e  with 
(7) and (16) to  k - -  ~,  we get  an  e x p r e s s i o n  g iven  in [1] by r e s o l v i n g  the i n d e t e r m i n a c y :  

2 1 
v = - -  . . . .  ( 1 -  eX erfc ~fx). (26) 

V ~X X 

We now find f r o m  (12) e x p r e s s i o n s  for  the  c o n c e n t r a t i o n  changes  at the pos i t ive  and negat ive  ends for  a 
co lumn  having v e s s e l s  of f inite s i ze  at the  ends and for s m a l l  t i m e s ,  i . e . ,  sub jec t  t o  the  condi t ion of (21); 
a f t e r  s imp le  s teps  we get  e x p r e s s i o n s  ident ica l  with (22)-(24). 

T h e n  for  s m a l l  t i m e s  c o r r e s p o n d i n g  to  the  condi t ion of (21) the  c o n c e n t r a t i o n  change at e i ther  end is 
independent  of  the change at  the o t h e r  end; however ,  in that  c a se ,  a d i f fe rence  f r o m  the solut ion of  [5] is that  
t he  changes  will  not be s y m m e t r i c a l ,  i . e . ,  lUel ~ lull. 
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T A B L E  1. Va lues  of v a s  a F u n c t i o n  of D i m e n s i o n l e s s  T i m e  x and 
D i m e n s i o n l e s s  Vo lume  w for  V a r i o u s  V a l u e s  of y~0~e 

x 

0} 0,I 0,2 t 0,3 0,4 0,5 0,6 0,7 0,8 0,9 l,O 
J 

0,500 
1,000 
2.00O 
From 
(24) 

0,300 
0,400 
t,000 
2,000 
3,000 
From 
(24) 

0,815 
0,832 
0,833 

0,836 

0,834 
0,827 
0,816 
0,814 
0,803 

0,815 

O, 787 
0,796 
O, 786 

0,797 

0,771 
0,768 
0,762 
0,751 
0,715 

0,762 

y~co e = 2 

0,768 I 0,754 
0,773 I 0,757 
0,746 0,711 

0,775 0 ,759  

yefOe = 

0,733 0,706 
0,731 0,704 
0,727 0,699 
0,699 0,653 
0,6411 0,577 

0,72710,701 

0,743 o,73510,728Jo,72310,71810,714 
0,74310,73110,72110,71110,701 0692 
0,678 0,648 0,619 0,592t0,567 0:544 

,73810,731 , ' , 0,747 0 0,725 0,720 0,716 

2 

3 

0,684]0,66710,652j0,639 0,628 0,618 
0,683] 0,666t'0,65110,638 0 ,627  0,617 
0,676 0,656 0,637 0,620 0,60410,588 
0,611 I 0,57410,539j0,508 0,4801 0,453 
0,523 0,.476 0,434 0,399 0,367.0,340 

(},6801 0,664,0,649 10,637 0,626 0,616 

0,200 
0,300 
0,400 
0,500 
1,000 
2.000 

From 
(24) 

0,300 
0,400 
0,500 
1,000 
2,000 
3,000 
From 
(24) 

O, 200 
O, 300 
0,400 
0,500 
1,000 
2,000 
3,000 

From 
(24) 

0,805 
0,807 
0,810 
0,810 
0,808 
0,807 

0,808 

0,683 
0,683 
0,683 
0,685 
0,683 
0,676 

0,683 

0,640 
0,640 
0,640 
0,640 
0,639 
0,640 
0,635 

0,640 

1 

0,748 0,709]0,680 0,656 0,636 0,61910,604 0,591 0,579 
0,749 0,710 0,681 0,657 0,637 0,61910,604 0,591]0,579 
0,751 0,711 0,681 0,657 0,637 0;620 0,605 0,591]0,579 
0,750 0,711 0,681 0,657J0,637 0,620 0,605 0,591J0;579 
0,749 I 0,710 J0,679 0,6521 0,629 0,608 ] 0,588 0,569 L 0,552 

0,482 0,739 0,514 0,453 0,589 0,426 / 0,682 / 0,633 0,550 

0,749 ]0,710t0,681 0,657 0,637 0,619 0,604 0,591 0,579 

yeC.Oe : - -  6 

0,537 0,436 0,362 0,307 01265 0,23110,205 0,183 0,166 
0,537 t 0,4361 0,362 0,30710,2651 0,231/0,2051 0,183t0,166 
O, 537 [ 0,436 / O, 362 ] O, 307 0,265 [ 0,23110,205 [ O, 183 [ O, 166 
0,537 ] 0,436 [ O, 362 ] O, 307 O, 264 / O, 231 L O, 204 [ O, 183 J O, 165 

/ 0,429 [ 0,35310,297 [ 0,255 [ 0,222[ 0,196 [ 0,175 [ 0,158 

0,537 ]0,436 / 0,362 / 0,3071 0,265 / 0,231/0,205[ O, 183 / 0,165 

yeOJ = ~ 8  

0,474 0,367 0,294 0,243 0,20510,177 0,156 0,139 0,125 
0,474 0,367 0,294 0,243 0,205 0,177/0,156t0,139 0,125 
0,474 0,367 0,294 0,243 0,20510,177 0,156 0,139 0,125 
0,474 0,36710,294 0,243 0,205 0,177 0,156 0,139 0,125 
0,474 0,367 0,294]0,243 0,20510,17710,156 0,139 0,125 
0,472 0,363 0 , 2 3 9  0,17410,153 0,136 0,123 

0,228 0,461 
0,351 0,290 0 ,202  1 0,165 0,145 0,129 0,116 0,278 O, 192 

0,474 0,367]0,294j0,243 0,205 0,177 0,156 0,139 0,125 

T h e  s o l u t i o n  of (18) was  u s e d  fo r  c o m p a r i s o n  wi th  t he  r e s u l t s  g i v e n  by  (24); a c o m p u t e r  was  u sed  t o  
c a l c u l a t e  t he  r o o t s  of (20) and t h e  v a l u e s  of v f r o m  (18) and (24). The  l a t t e r  a r e  g i v e n  in  T a b l e  1, which  

*op shows  t h a t  fo r  Ye e > 0 any i n c r e a s e  in  t h i s  p a r a m e t e r  r e d u c e s  t he  r a n g e  in w fo r  which  the  s o l u t i o n  to  
(24) a g r e e s  we l l  wi th  (18) up t o  t h e  v a l u e s  x = 1o On the  o t h e r  hand,  in  t he  r e g i o n  y~ w e < 0, the  two s o l u t i o n s  
a r e  v i r t u a l l y  co inc iden t  up to  ~ ~ 2 fo r  t he  e n t i r e  r a n g e  of v a r i a t i o n  in  x.  Consequem~y,  m e a s u r e m e n t s  of 
t h e  Sore r  coe f f i c i en t  wi th  f a i r l y  l a r g e  v o l u m e s  a t  t h e  c o l u m n  ends  shou ld  b e s t  b e  p e r f o r m e d  wi th  Ye We < 0, 
wh ich  i s  a l w a y s  p o s s i b l e  by  t a k i n g  s a m p l e s  fo r  a n a l y s i s  f r o m  the  u p p e r  o r  l o w e r  v e s s e l ,  t he  cho i ce  be ing  
d e t e r m i n e d  by  t h e  one in  which  the  c o n c e n t r a t i o n  of t he  t a r g e t  componen t  is  r e d u c e d .  

I t  i s  i m p o r t a n t  t ha t  a g r e e m e n t  b e t w e e n  (18) and (24) i s  ob ta ined  ove r  a wide  r a n g e  in  x,  s i n c e  i t  e n -  
a b l e s  us to  i n c r e a s e  t he  r u n  t i m e ,  and  th i s  i s  n e c e s s a r y  when  the  m i x t u r e  has  a s m a l l  S o r e r  c o e f f i c i e n t  and 
t h e  c o n c e n t r a t i o n  sh i f t s  cannot  be  m e a s u r e d  wi th  su f f i c i en t  p r e c i s i o n  in  s m a l l  t i m e s .  
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NOTATION 

e, concentrat ion;  AO, concentra t ion  change,  ~-, t ime;  0 = H 2 ~-/mK, H =gP 2fi63(AT)2Bs/617, K =g2p3f126~. 
(AT)2B/9I~?2D, m = pB6; B, p e r i m e t e r  of separa t ing  slot; 5,  gap; AT, t e m p e r a t u r e  d i f ference  between ho~ 
and cold su r f aces ;  s,  Sorer coefficient;  y = Hz/K; z,  ve r t i c a l  coordinate ;  w = M / m L ;  M, m a s s  ~)f mix tu re  in 
tank; L, worldng length of a column. Indices:  e,  i~ posi t ive  and negat ive ends of a column; 0, initial  value. 

10 

2. 

3. 

4o 

5~ 
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MODEL OF DIFFUSION TAKING INTO ACCOUNT SORPTION 

V. I. Maron UDC 533.73 

The p rob lem of the diffusion of a ma te r i a l  in an adsorbing porous medium is cons idered .  In the 
equation for  the concentra t ions  in the porous medium and the sorp t ion  layer  a delay t ime  is in-  
t roduced.  

The p rob l em  of the diffusion of m a t e r i a l  in an adsorbing  porous medium is considered.  Henry ' s  law is 
a s sumed  to  hold for equi l ibr ium values of concentra t ion in the porous medium and in the sorp t ion  layer .  This 
p rob l em is considered,  in a l inear  formulat ion,  in a number  of works where  the kinetics of the p rocess  and 
diffusional t r a n s f e r  a r e  taken  into account;  a r ev iew of such works appea r s  in [1, 2]. 

The formula t ion  of the p rob lem outlined in the presen t  paper  di f fers  f rom previous accounts in that a 
delay t ime  is introduced in the equation re la t ing  the concentra t ions  of the ma te r i a l  in the porous medium and 
in the sorp t ion  l aye r .  

If the concentra t ion of the ma te r i a l  in the sorbent  layer  is a s sumed  to a t ta in  its equi l ibr ium value at 
once, then Henry ' s  law impl ies  that  its d is t r ibut ion will follow the dis t r ibut ion of the ma te r i a l  in the porous 
medium.  It is m o r e  genera l  to a s s u m e  that the dis t r ibut ion of ma te r i a l  in the layer  follows the d is t r ibut ion 
in the porous medium with some  delay.  The bas i s  for this a s sumpt ion  is given in [3]. 

We introduce a delay t ime  T, a s sumed  to be identical  at  all  points of space .  We denote the concent ra -  
t ion of ma te r i a l  in the flow by | x) and the Concentration in the sorp t ion  layer ,  by a (t, x). On the bas is  of 
the given assumpt ions ,  the following re la t ion  exis ts  between these  functions: 

a(t, x ) = r o ( t - - %  x), t> /% a-----O, t < ~ .  (1) 

Thus,  the function a(t ,  x) defined by Eq. (1) vanishes  for  t < , ,  and r eaches  its equi l ibr ium value c o r r e -  
sponding to the concentra t ion  of the ma te r i a l  | x) not at once, but ~- units of the argument  t l a te r .  

We shall  show that  for sma l l  values o f  the delay t ime  "r, Eq. (1) gives the kinetic equation. To this end, 
we expand the function O(t - -  T, x) in a Tay lo r  s e r i e s  i n t :  

( a @ )  ~ +  (2) 0 ( t - -  ~, x) = 0 (t, x) - -  - ~ -  ~=0 . . . .  

Trans l a t ed  f r o m  Inzhenerno-F iz ichesk i i  Zhurnal ,  Vol. 30, No. 3, pp. 453-455, March, 1976. Original 
a r t i c l e  submit ted July 29, 1975. 
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